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Abstract Advanced aeronautic and space structures need
active components that can function at high frequencies and
temperatures. Piezoelectric materials can provide frequency
response but their use at elevated temperatures is limited.
The reason for the lack of insertion of piezoelectric for high
temperature active component and sensors are two fold.
First, the database of piezoelectric properties that describe
the piezoelectric constants is lacking for high temperatures
engineering applications. Most studies measure the dielec-
tric constants to determine the Curie temperature but do not
provide piezoelectric coefficients as a function of temper-
ature. Second, piezoelectric materials with Curie tempera-
ture (TC) exceeding 500 °C are sought for aeronautics and
aerospace applications. This investigation describes a
measurement system that captures the impedance depen-
dence upon temperature for piezoelectric materials. Com-
mercially available lead zirconate titanate (PZT) was
studied as to determine the piezoelectric activity to define
the operating envelope with respect to temperature. The
elastic properties cEijkl

� �
, piezoelectric coefficients eSik

� �
,

dielectric properties "Sik
� �

, and electro-mechanical coupling
factors were determined as a function of temperature. The
coupling factor k33 was found to be relatively constant to
200 °C and exhibit slight temperature dependence above

200 °C. The temperature sensitivity for both piezoelectric
coefficient and electromechanical coupling factor were very
small; the slopes ΔdT31

�
dT31 and Δk33/k33 were found to be

0.01 and (−0.07) respectively in the range of 120 to 200 °C.
This measurement technique will populate databases that
describe the piezoelectric properties of commercially avail-
able PZT piezoelectric materials. It can also facilitate the
assessment of new piezoelectric materials that are currently
being developed for higher temperature applications.

Keywords High temperature PZT piezoceramic .

Changes in electrical and mechanical properties with respect
to temperature

1 Introduction

High-temperature piezoelectric materials have potential
aeronautical applications in fuel and gas modulation to
reduce emission and noise, active structural control of hot
sections and multifunctional active components for future
aeronautic structures. Piezoelectric materials that show
operation at high temperature are essential for industrial
competitiveness. Although the significance of piezoelectric
materials for high temperature applications is recognized, a
limited number of studies have been reported for the
materials with high piezoelectric coefficients at high
temperatures [4, 17–20, 22–24]. Notably Berlincourt et al.
[22] considered PZT-4 polycrystalline regarding tempera-
ture dependency. Damjanovic [24] discusses at length
polycrystalline piezoelectric materials concerning their
temperature dependency. Turner et al. [23] considered
resistivity changes with respect to temperature in a wide
range of piezoelectric materials.
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The temperature dependence of the dielectric permittiv-
ity and piezoelectric constants of single crystal PbTiO3

have been calculated by Haun et al. [25] using the Landau–
Ginzburg theory which is based on thermodynamic consid-
erations. A good agreement was found at very low
temperatures where the defect contributions were not
present. Haun et al. [26] used the modified Davonshire
form of the elastic Gibbs free energy to develop phenom-
enological thermodynamic theory and to predict tempera-
ture dependence of the dielectric permittivity and
piezoelectric constants of the lead zirconate–titanate solid
solution system [26]. The commercial piezoelectric
ceramics are mostly engineered at and around the morpho-
tropic phase boundary and the domain wall contribution to
the piezoelectric response is the dominant extrinsic origin
of the instability of the observed piezoelectric effect. The
impurities, defects and their spatial distributions determine
the formation of different oxygen cage tilting combinations
(rotation, in-phase tilting, anti-phase tilting) and possibly
ordering of cations [27]. Until these nano-structural
attributes and their interaction with mesoscale microstruc-
ture understood and quantified, there is a need to
investigate the piezoelectric and dielectric properties of
piezoelectric ceramics at elevated temperatures to assess
their upper use temperature. However, most studies have
been limited to determination of dielectric properties at high
temperatures to determine Curie temperature and very little
data exist on the temperature dependence of the piezoelec-
tric properties.

The present investigation reports data and observations
on temperature dependent piezoelectric and dielectric
properties of commercially available piezoelectric ceramics.
Piezoelectric properties of several commercially available
lead zirconate titanate (PZT) piezoelectric discs were
measured as a function of temperature. The experiments
were done to assess solely the temperature effect on
piezoelectric properties; it does not address fatigue studies
in ferroelectrics to describe load dependent aging. To assess
the high temperature performance of piezoelectric materi-
als, resonant analysis test procedure as described in IEEE
standard [2] was utilized. The trend between anti-resonant
and resonant frequencies of a vibration mode with
temperature helps to predict the behavior of the coupling
factors and permittivity. The proposed technique uses the
resonant and the antiresonant frequencies but not the actual
impedance or conductance values of the material tested.
The paper reports the mechanical piezoelectric and dielec-
tric properties calculated from the measured values of the
resonant and anti-resonant frequency pairs of the first and
second radial modes and the first thickness mode as a
function of temperature. The results show that the results
are under question above about 330 °C due to the
limitations of the data evaluation approach.

2 Experimental set-up

Figure 1 shows the experimental set-up. Agilent 4294A
LCR meter was used to measure the electrical impedance of
the piezoelectric material in the 10 kHz–10 MHz frequency
range. All communication and control programs between
the computer and its peripherals were written in Labview
7.1 language. A Eurotherm 2404 temperature controller
maintained the furnace set point temperature. The heating
rates and set points were controlled via computer. Small
variations in impedance can be measured with 1% accuracy
if the environment temperature is within ±5 °C at which the
calibration is done. Beyond this temperature range the
manufacturer expects 2% accuracy.

An important aspect of impedance measurement system
is the calibration of the test fixture. The Agilent 16089A
text fixture was used because of its adaptability to a high
temperature furnace. Test fixture frequency range was
5 Hz–100 kHz, a broader frequency range was required
for this study. In order to assess the suitability of 16089A
test fixture at higher frequencies, its response was com-
pared to 16453A dielectric test fixture rated for the 40 Hz to
10 MHz frequency range. The difference in the measure-
ment results were found negligible at room temperature. To
compensate for this minor difference and to eliminate errors
produced between the test fixture and the Agilent 4294A,
fixture compensation calibration was performed using a
standard calibration kit supplied by Agilent [7].

The temperature of the furnace was monitored and
controlled by the Eurotherm 2404 Temperature Controller.
The controller contains a pre-set Proportional-Integral-
Derivative (PID) control and receives the temperature set-
points from the PC via USB to RS-232 interface. The
furnace, shown in Fig. 2, is rated for 1600 °C, manufac-
tured by PCW&Design Co. The frequency measurements
were repeated at the pre-defined temperatures from room
temperature up to 400 °C. The temperature was increased at
4 °C per minute and samples were kept at each measuring
temperature for at least 20 min before the impedance was
measured in order to ensure thermal equilibrium.

Fig. 1 Impedance measurements of ceramic for a frequency range of
40 Hz–110 MHz
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PZT samples were purchased from Piezo Kinetics
Incorporated [8] and APC International [9]: (1) APC
International – types APC850 PZT and APC880 PZT and
(2) Piezo Kinetics Incorporated – Navy Type II – PKI-502.

For all samples diameter to thickness ratio ranged between
10 and 12. Samples exposed to high temperatures may
depolarize. Therefore, samples were measured only once
through a thermal cycle to eliminate depolarization affects.
To increase confidence in measurement of material coef-
ficients with respect to temperature, it was decided to
collect additional data with several different samples of the
same material. This paper reports data in detail for Navy
Type II samples but also highlights the characteristic trends
for the APC880 PZT samples. APC850 PZT behaved
similar to APC880 PZT.

3 Results and analysis

One way to quantify the effect of temperature on the
piezoelectric material is to determine the elastic properties
cEijkl

� �
, piezoelectric coefficients (ekij), dielectric properties

"Sik
� �

and electro-mechanical coupling factor as a function
of temperature. It is important to know changes of the
coefficients of the constitutive equations [1–5] because they
define the operating envelope with respect to temperature.
Our procedure starts with the measurement of resonant and
anti-resonant frequencies corresponding to radial and
thickness modes of vibration. These frequencies were
detected by a network analyzer within the frequency range
of 10 kHz to 10MHz. The poled PZTsamples were subjected
to controlled temperatures ranging from 25 to 400 °C. The
resonant and anti-resonant frequency values were used to

Sample 4 Lead probes 

Furnace 
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Side view

Top view 

Furnace 

Fig. 2 High temperature piezoelectric measurement set-up
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determine the effect of temperature on the calculated
piezoelectric parameters using accepted standard procedures
[2, 4, 6]. Our work complements the study performed by
Sheritt et al. [4] on BST-PT, BMT-PT and bismuth titanate
(BT) samples. They determined that the bismuth titanate
samples were stable up to 500 °C whereas BST-PT and
BMT-PT samples were de-polarized below 500 °C.

3.1 Step I: Determination of resonant and antiresonant
frequencies

The properties of the Navy Type II are listed in Appendix A
for as received specimens. The measured properties agreed
with the data provided by the manufacturer at room
temperature. The measured resonant ( fs) and anti-resonant
frequency ( fp) pairs correspond to different vibration modes

f r 1ð Þ
p ; f r 1ð Þ

s

� �
; f r 2ð Þ

p ; f r 2ð Þ
s

� �
; f t 1ð Þ

p ; f t 1ð Þ
s

� �h i
[10–13]. In notation,

the superscript r(i); i=1,2 refers to the first and second
resonant frequencies of the radial mode and t(1) refers to
the first thickness mode resonant frequency. The subscript s
is used for the resonant frequency whereas p indicates the
antiresonant frequency. In general, the symmetric vibration
modes in circular piezoelectric ceramic disks have been
classified as the Radial (R), Thickness (T), Edge (E),
Anharmonic (A), Lamb (L), Thickness Shear (TS) and
Thickness Extensional (TE) modes. Only the first two
radial modes (r(1), r(2)) and the first thickness mode (t(1))
resonant behavior are significant for the samples used in
this study; all of the electrical properties of the material was
calculated based upon these modes [2].

Figure 3 shows the location of resonant and antiresonant
frequencies at room temperature. Typical shifts in resonant
frequencies from room temperature to 450 °C are shown in
Fig. 4. The change in magnitude of the first radial mode

impedance with increasing temperatures is representative of
this type of material. The difference between the antireso-
nant and resonant frequencies decreased with increasing
temperature. The changes in the antiresonant frequency
f r 1ð Þ
p

� �
are not significant until the temperature approaches

TC ≈ 340 °C at which f r 1ð Þ
p decreased significantly, then

around [TC−10 °C] it starts to increase again along with
f r 1ð Þ
s which shows more gradual increase until [TC−20 °C].
This behavior can be observed in Figs. 4 and 5. The second
radial mode and the first extensional mode show similar
behavior as shown in Fig. 5.

3.2 Step II: determination of coefficients of the constitutive
equations

All pertinent equations used in this section were taken from
IEEE Standard on Piezoelectricity [2] or [6, 21]. Figure 5
shows the effect of temperature on the difference in
resonance frequencies:

$f ¼ f ip � f is ; i ¼ r1; r2; t1

The difference Δf diminishes as the temperature
approaches to the Curie temperature for both in radial and
thickness modes. This phenomenon also means that based
upon the first mode frequencies f r 1ð Þ

s and f r 1ð Þ
p , as the

temperature gets closer to the Curie temperature, the planar
coupling factor,

k2p ¼ ξ1J0 ξ1ð Þ=J1 ξ1ð Þ þ σ p � 1

ξ1J0 ξ1ð Þ=J1 ξ1ð Þ � 2

�
fp � fs
� �

σpð Þ2 � 1þ η21

h i
2fs � fp
� �

1þ σpð Þ þ fp � fs
� �

σpð Þ2 � 1þ η21

h i
ð1Þ

Fig. 4 First radial mode fre-
quency shift with respect to
temperature for Navy Type II
PKI-502
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and the effective coupling factor,

keff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2p � f 2s

f 2p

s
ð2Þ

were expected to decrease. The planar coupling factor kp
was determined by using equations 120, 155 and Table 12
of IEEE Standard [2] where ξ1 ¼ η1 fp

�
fs. The effective

coupling factor keff describes the efficiency of conversion of
electrical energy to mechanical and vice versa. In Eq. 1, the
planar Poisson ratio sp ¼ sE12

�
sE11 was defined as the ratio

of elastic coefficients at constant electrical field E. A tenth
order polynomial approximation was used to express σp as
a function of f r 2ð Þ

s

�
f r 1ð Þ
s . Since the Poisson number depends

only on the ratio of resonant frequencies, there was
sensitivity in the calculations of these numbers. The
impedance curves are typically squeezed horizontally at high

temperatures (Fig. 4), therefore the location of resonant
frequencies may not be well defined. The tabulated pair of
numerical values for the σ p and f r 2ð Þ

s

�
f r 1ð Þ
s values from IEEE

standard (Table 12 of reference [2]) were used to determine
the coefficients of the polynomial which are given in
Appendix B. The frequency constant η1 in Eq. 1 is the
lowest root of equation:

η1J0 η1ð Þ=J1 η1ð Þ ¼ 1� σ p;

with J0(η1), J1(η1) representing the Bessel functions of zero
and first order. A similar polynomial fit approach was also
used to determine η1 as a function of f r 2ð Þ

s

�
f r 1ð Þ
s . The

polynomial fit uses the tabulated values given in IEEE
standard [Table 12 of reference [2] and fits a sixth order
polynomial as shown in Appendix C. Figure 6 shows the
planar Poisson ratio σ p that revealed some minor fluctuations
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as the temperature increases, but in general it remains
constant and below 0.5 throughout the temperature range.

The extensional mode coupling factor k31 was calculated
from equation 116 in IEEE standard [2]

k231 ¼
k2p

2 1� spð Þ ð3Þ

The thickness–extensional mode coupling factor kt33 was
determined from equation 163 in IEEE standard [2] as

kt33 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
2

fs
fp

tan
p
2

f t1p � f t1s
f t1p

s
ð4Þ

Figure 7 shows the values of kt33; k31; kp and keff coupling
factors, which gradually decreased approaching to TC and
exhibited a steep decrease at the close vicinity of TC.

The planar thickness–extensional mode permittivity
component i.e., the dielectric constant "p33 is related to the
dielectric constants "T33 and "S33 [Eqs. 106 and 157 of
reference [2], i.e.,

"p33 ¼ "T33 1� k2p

� �
ð5aÞ

"p33 ¼ "S33

.
1� kt33
� �2h i

ð5bÞ

"
p
33 ¼

�2231
sE11 þ sE12

þ "T33 ð5cÞ

The dielectric permittivities "p33; "
T
33; "

S
33 should remain

constant well below TC and continually increase as T

approaches TC as predicted by the Curie–Weiss law.
Figure 8 shows that for PK502, these coefficients remain
relatively constant but show a very steep increase close to
TC at 340 °C. The maximum magnitude of ε for APC850
and APC880 rises to 8.8E−8, 4.0E−8, 2.8E−8 F/m
respectively around the Curie temperature with PK502
exhibiting a very sharp rise in the permittivity. The PK502
also had the steepest slope of @"=@T ¼ 0:00210^ � 8 in the
temperature range of 25 to 100 °C. For the same
temperature range the APC850 and APC880 (not shown)
have @"=@T ¼ 0:002� 10^ � 9 @"=@T ¼ 0:011� 10� 9,
respectively.

The piezoelectric effect for PK502 and APC850
ceramics engineered at the morphotropic phase boundary
is a resultant of two physical phenomena, intrinsic and
extrinsic contributions [14]. The intrinsic contribution
originates from homogeneous deformation of the unit cell
due to deformation caused by the elastic fields. Extrinsic
contribution represents the elastic deformation caused by
motion of domain walls and interphase interfaces. An
extensive displacement (inverse piezoelectric effect) can be
achieved through engineering the ceramic microstructure at
the tetragonal/rhombohedral morphotropic phase boundary.
The morphotropic phase boundary concept provides an
increased number of polarization directions collectively
enhancing the piezoelectric activity. Both of these intrinsic
and extrinsic piezoelectric activities are temperature and
frequency dependent. The decrease in piezoelectric proper-
ties for PK502 and APC850 with increasing temperature
have been identified with a decline of the extrinsic
contribution. As a comparison, the dielectric behavior as a
function of temperature for purely tetragonal piezoelectric
ceramics [15] possesses lower temperature dependent
dielectric behavior compared to PK502 and APC850.
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Near the Curie temperature the dielectric, elastic, optical,
and thermal constants of the piezoelectric ceramics show an
anomalous behavior. This is due to a distortion in the
crystal as the phase changes. The temperature dependence
of the dielectric constant above the Curie temperature (T>
TC) in ferroelectric crystals is governed by the Curie–Weiss
law:

" ¼ "0 1þ C1

T � TC

� 	
ð6Þ

where ε0 is the electric permittivity of free space and C1 is
the material specific Curie constant, T is the absolute
temperature, and TC is the Curie temperature. Low
excitation voltage capacitance measurements are used at
1 kHz for the determination of material properties like the
permittivity of a material. Based upon the measured
capacitance at 1 kHz, the permittivity of the piezoelectric
material is calculated by

" ¼ tC=A; A ¼ pa2
�
4 ð7Þ

Where t is the distance between the electrodes, C is the
capacitance and A is the area of an electrode. Based on
Eqs. 6 and 7, the behavior of (1/C) is expected to reach its
minimum around TC as shown in Fig. 9.

Figure 9 also shows that the extensional mode piezo-
electric constant d31 continuously increase with the tem-
perature. However, the absolute value of the d31 remains
stable until it reaches the vicinity of TC then it drops

significantly. This parameter is calculated from the follow-
ing equation [2, 6]

d31 ¼ k31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"0KT

3 s
E
11

q
;

"0 ¼ 8:85� 10�12F=m; KT
3 ¼ C= "0A=tð Þ

ð8Þ

The elastic coefficients sE11; s
E
12, and sD11 are determined by:

sE11 ¼
η21

ρ 2πf r 1ð Þ
s a

� �2
1� σpð Þ2

� � ;

sE12 ¼ �σpsE11 ; sD11 ¼ sE11 �
d231
"Tcc

ð9Þ

Figure 10 compares the compliance characteristics of PZT
502 and APC 880. The lower compliance APC 880 with
nominal s11=1.1610^−11 m2/N shows much more piezo-
electric response than the higher compliance PZT 502 with
the nominal s11=1.810^−11 m2/N.

The elastic coefficients cp12 and cE33 were calculated by
Eqn. 161 of [2]

c p
12 ¼ � sE12

sE11
� �2� sE12

� �2 ;
cE33 ¼ 4 1� kt33

� �2� �
ρ f t1p t
� �2

ð10Þ

They remain relatively stable until the temperature reaches
[TC−20 °C], Fig. 11.
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Figure 11 also shows that the planar extensional mode
piezo electric constant e p

31, thickness extensional mode
constant e33 values have the same trend as the dt33 and d31.
They were calculated from Eq. 2

e p
31 ¼

d31
sE11 þ sE12

e33 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"ScEk2= 1� k2ð Þ

q
; ð11Þ

Figure 7 shows the temperature dependence of the coupling
factor k33 as a function of temperature up to 400 °C. The
coupling factors were found to be nearly temperature
independent up to 200 °C and exhibited slight temperature

dependence above 200 °C. The k33 slightly decreased to 0.40.
The temperature sensitivity for both piezoelectric coefficient
and electromechanical coupling factor were very small; the
slopes ΔdT31

�
dT31 and Δk33/k33 were found to be 0.01 and

(−0.07) respectively in the range of 120−200 °C. Finally,
Fig. 12 shows the impedance parameter loss factor as a
function of temperature. These values are determined by Q ¼
Loss Factor ¼ Xj j

R ¼ tanΦ where Φ is the phase angle
between the current and voltage as recorded by the network
analyzer. It shows that the phase lag increases significantly
with respect to temperature. The Q value of resonator which
is defined as the bandwidth frequency of the resonant and
antiresonant center in general increase with the temperature
(not shown.)

In present work, we were not concerned with unipolar
and/or bipolar electrical mechanical loading. It is also
important to point out that the catastrophic failures can be
related to the electrode–dielectric compatibility issues.
More accurate use temperature can only then be estimated
by investigation of the material properties during bipolar
cycling under mixed electrical and electromechanical
loading.

For the PZT systems with compositions close to
morphotropic phase boundaries (the one we used in the
experiments), oscillating interphase and/or a localized
transition between the tetragonal and rhombohedral phases
is expected to contribute substantially to piezoelectric
activity. This extrinsic contribution is strongly affected by
temperature. It is clear from the earlier studies that
depolarization of PZT composition occurs at temperatures
well below that maximum dielectric permittivity. For
coupled properties, such as piezoelectricity elastic and
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dielectric boundary conditions and the grain domains must
be assessed. In the present investigation, piezoelectric
ceramics were examined under weak alternating electric
fields. Thus, the domain wall motion is expected to be
reversible. The effect of domain wall dynamics on the
dielectric, elastic and piezoelectric properties will be
evaluated in future studies.

Domain wall are pinned in accordance with domain
structure. According to Damjanovic and Newnham, [16]
dipoles consisting of oxygen vacancies and associated
dopant ions are able to be re-oriented in hard PZT. The
decrease in coupling coefficients with increasing tempera-
ture can possibly be explained using volume theory, thus
the degree of decrease is partly due to a gradual alignment
of a doubly positively charged oxygen vacancy associated
defect dipoles in the perovskite lattice. The critical experi-
ments made by Warren et al. [28, 29] using electron
paramagnetic resonance showed that the motion of oxygen
vacancies are due to alignment oxygen vacancy related and
thus agreed with the volume theory [30], which implies a
reorientation of polar defect with respect to polarization
direction. Warren et al. applied electrical field reaching up
to 4.5 kV/cm in combination of time and temperature. In
our investigation, we used very low electrical field in
combination with temperature that exhibited measurable
temperature dependence. Hence, we can not conclude the

relative weight of temperature, electrical field and changing
of electrical field direction, for the corresponding effect of
the oxygen vacancy diffusion. Further considerations are
needed to assess the orientation of the defect-dipoles with
respect to spontaneous polarization direction. To understand
the redistribution of charge may require the decoupling of
electric field, temperature and strain field effects. To
determine the exact mechanism, Hall measurements are
necessary to assess the charge carrier concentration and
mobility. It is also noteworthy that relaxation in ferro-
electrics ceramics is not fully understood. It is clear from
this limited experimental study that relaxation does not
originate from an independent coupling between the
dielectric mechanical losses in the material. In the evalua-
tion of d31, the effect of thermal expansion was neglected;
the values of dimension and density of specimen were
taken at room temperature.

4 Conclusion

The aeronautics and aerospace has been interested in high
temperature piezoelectric materials as actuators and sensors
for vibration control, shape control of aeronautical struc-
tures, noise reduction, adaptive flow control and active
combustion control. The measurement system and the
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metrology proposed in this work facilitate capturing
changes in the resonant and anti-resonant frequencies and
related electrical/mechanical properties as a function of
temperature. The PZT samples studied show temperature
dependent impedance and vibrational mode characteristics
with significant changes occurring around TC. There was a
definite trend that the difference between anti-resonant and
resonant frequencies of vibration modes do not increase
with temperature which translate to reduced conversion
efficiencies at high temperatures. The elastic properties
cEijkl

� �
, piezoelectric coefficients eSik

� �
, dielectric properties

"Sik
� �

, and electro-mechanical coupling factors were deter-
mined as a function of temperature. The temperature
dependent piezoelectric coefficient d33 was stable up to
200 °C. The coupling factor k33 was found to be relatively
constant up to 150 °C and exhibited slight temperature
dependence above 200 °C. The temperature sensitivity for
both piezoelectric coefficient d31 and electromechanical
coupling factor k33 were very small; the slopes ΔdT31

�
dT31

and Δk33/k33 were found to be 0.01 and (−0.07) respec-
tively in the range of 120 to 200 °C.
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Appendix A

Appendix B. Approximation for σ p

A tenth order polynomial approximation is used to express
σ p as a function of f r 2ð Þ

s

�
f r 1ð Þ
s .

σp ¼ 100000000* 0:00002795314806* f r 2ð Þ
s

�
f r 1ð Þ
s

� �10 � 0:00073437523227* f r 2ð Þ
s =

�h
f r 1ð Þ
p

�9
þ0:00867731854159* f r 2ð Þ

s

�
f r 1ð Þ
s

� �8 � 0:06072621017601* f r 2ð Þ
s

�
f r 1ð Þ
s

� �7
þ0:27874189616412* f r 2ð Þ

s

�
f r 1ð Þ
s

� �6 � 0:87687338224803* f r 2ð Þ
s

�
f r 1ð Þ
s

� �5
þ1:91458077662298* f r 2ð Þ

s

�
f r 1ð Þ
s

� �4 � 2:86495439332219* f r 2ð Þ
s

�
f r 1ð Þ
s

� �3
þ2:81186521683483* f r 2ð Þ

s

�
f r 1ð Þ
s

� �2 � 1:63452106667819* f r 2ð Þ
s

�
f r 1ð Þ
s

� �
þ0:4273285043911�

Appendix C. Approximation for η1

A sixth order polynomial approximation is used to express
η1 as a function of f r 2ð Þ

s

�
f r 1ð Þ
s .

η1 ¼ 10000* �0:00084523658921* f r 2ð Þ
s

�
f r 1ð Þ
s

� �6þ0:01359048512994* f r 2ð Þ
s

�
f r 1ð Þ
s

� �5h
�0:09097672756895* f r 2ð Þ

s

�
f r 1ð Þ
s

� �4þ0:32452162108606* f r 2ð Þ
s

�
f r 1ð Þ
s

� �3
�0:65049087130736* f r 2ð Þ

s

�
f r 1ð Þ
s

� �2þ0:69448273629625* f r 2ð Þ
s

�
f r 1ð Þ
s

� �
�0:30813284494365�

Table 1 Properties of PZT Sample Navy Type II, PKI-502 at 25 °C

Values listed
by the Piezo
Kinetics Inc.

Values measured
in the laboratory

KT 1,800 1,904
Free relative dielectric
constant

kp 0.60 0.61
Planar coupling factor
k31 0.34 0.33
Extensional mode coupling
factor

−d31 (m/V) 175×10−12 181×10−12

Extensional mode piezoelectric
constant C/N or m/V

Radius a (mm) 6.41 6.41
Thickness t (mm) 1.02 1.02
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